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Abstract: In this work we study the asymptotic behavior of solutions for a
general linear second-order evolution differential equation in time with frac-
tional Laplace operators in Rn. We obtain improved decay estimates with less
demand on the initial data when compared to previous results in the literature.
In certain cases, we observe that the dissipative structure of the equation is of
regularity-loss type. Due to that special structure, to get decay estimates in
high frequency region in the Fourier space it is necessary to impose additional
regularity on the initial data to obtain the same decay estimates as in low
frequency region. The results obtained in this work can be applied to several
initial value problems associated to second-order equations, as for example,
wave equation, plate equation, IBq, among others.
1 Introduction
We consider the following Cauchy problem with fractional Laplace operators in Rn:
vtt(t, x) + (−∆)δvtt(t, x) + (−∆)αv(t, x) + (−∆)θvt(t, x) = 0, t ≥ 0, x ∈ Rn (1.1)
with initial data
v(0, x) = v0(x), vt(0, x) = v1(x), (1.2)
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where δ, α and θ are real numbers with δ, α ≥ 0 and θ ∈ [0, α]. The fractional power
operator (−∆)θ : H2θ(Rn) ⊂ L2(Rn)→ L2(Rn) (θ ≥ 0) is defined by
(−∆)θv(x) := F−1(|ξ|2θv̂(ξ))(x), v ∈ H2θ(Rn), x ∈ Rn,
where F denotes the usual Fourier transform in L2(Rn) with respect to the x variable,
v̂ = F(v), Hs = Hs(Rn) denotes the usual Sobolev space of L2 functions equipped with
the norm ‖ · ‖Hs and |·| denotes the usual norm in Rn. The operator (−∆)θ is nonnegative
and self-adjoint in L2(Rn).
The total energy Ev(t) associated to the solution v(t) of equation (1.1) is defined by
Ev(t) =
1
2
{
||vt(t)||2 + ||(−∆) δ2vt(t)||2 + ||(−∆)α2 v(t)||2
}
. (1.3)
For simplicity of notations, in particular, we use in all text ‖ · ‖ instead of ‖ · ‖L2 .
In order to obtain estimates for the problem (1.1)-(1.2) we work with the
corresponding problem in the Fourier space. Applying the Fourier transform with
respect to the variable x, we obtain{
(1 + |ξ|2δ) v̂tt(t, ξ) + |ξ|2θ v̂t(t, ξ) + |ξ|2α v̂(t, ξ) = 0, t ≥ 0, ξ ∈ Rn
v̂(0, ξ) = v̂0(ξ), v̂t(0, ξ) = v̂1(ξ), ξ ∈ Rn.
(1.4)
The eigenvalues of the problem (1.4) have nonpositive real part, and they are given
by
λ± =
|ξ|2θ
2(1 + |ξ|2δ)
(
−1±
√
1− 4|ξ|2(α−2θ)(1 + |ξ|2δ)
)
.
The solution of (1.4) can be written as
v̂(t, ξ) = K̂0(t, ξ)v̂0(ξ) + K̂1(t, ξ)v̂1(ξ),
where
K̂0(t, ξ) =
λ+e
λ−t − λ−eλ+t
λ+ − λ− and K̂1(t, ξ) =
eλ+t − eλ−t
λ+ − λ− . (1.5)
Therefore
v(t, x) = kK0(t, x) ∗ v0(x) + kK1(t, x) ∗ v1(x),
with k a positive constant such that f̂ · ĝ = k(f ∗ g).
For ε > 0, we denote by E0(t, x) and E∞(t, x) the solution of (1.1) localized to low
and high frequencies, that is,
E0 = E0(t, x)(v) = F−1(χ(ξ)v̂(t, ξ)), (1.6)
E∞ = E∞(t, x)(v) = F−1((1− χ(ξ))v̂(t, ξ)), (1.7)
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where χ(ξ) is the characteristic function of {ξ ∈ Rn / |ξ| < ε}. To estimate the
x-derivatives norms of v and vt it is sufficient to estimate the derivatives norms of E0,
∂tE0, E∞ and ∂tE∞.
If θ < δ, we observe that the decay structure of (1.1) is of regularity-loss type
which is characterized by the structure of the eigenvalues associated to the problem. The
regularity-loss property ceases to occur in the case when θ = δ. Due to that special
structure, to get decay estimates in the high frequency region in the Fourier space it is
necessary to impose additional regularity on the initial data to obtain the same decay
estimates as in the low frequency region. If δ ≤ θ this effect does not appear, since
the solution decays exponentially in the high frequency zone of the Fourier space (see
Proposition 3.1). Such decay property of the regularity-loss type was also investigated for
the dissipative Timoshenko system [11], the plate equation under rotational inertia effects
in Rn [19, 4, 6] and a hyperbolic-elliptic system of a radiating gas model [16].
Estimates for the solution to the wave equation with structural damping
utt(t, x)−∆u(t, x) + 2a (−∆)θut(t, x) = 0 , t ≥ 0, x ∈ Rn, (1.8)
have been derived in [12, 3, 8, 7, 14], where as the case of time-dependent damping
coefficients is considered in [24, 17]. In [7], the authors decompose the solution to (1.8)
into two parts, u = u+ + u−, each one related to one of the two characteristics roots
associated to (1.8). The asymptotic behavior of the Fourier transforms of each part hints
to two different diffusion phenomena. This type of problem have been extensively studied
in the mathematical and physical literature (see, for instance, [1, 5, 10, 21]). Karch [14]
studied the large time behavior of solutions to the initial value problem (1.1) with δ = 0,
0 ≤ 2θ < α and a non-linear term F (x, t, u, ut,∇u). In the cited paper, an analysis of
the solution formula of the linear problem leads to the conclusion that they behave, as
t→∞, like solutions of a similar diffusion equation to the problem in [7].
Next we mention some important previous works which are related with this paper.
Sugitani-Kawashima [19] studied a semilinear dissipative plate equation with rotational
inertia effects and a frictional dissipation. To the linear problem, they used the explicit
solution and equivalences for eigenvalues. To the semilinear problem, they introduce a
Banach space X defined by the norm
||u||X =
∑
σ0(k)≤s+1
sup
t≥0
(1 + t)
k
4 ||∂kxu(t)||Hs+1−σ0(k)
where σ0(k) = k+
[
k+1
2
]
and s ≥ σ0(k)−1. They proved that the problem is solved globally
in time in the above function space and found optimal decay estimates of solutions under
the additional regularity assumption on the initial data u0 ∈ Hs+1 and u1 ∈ Hs, for s
large enough.
3
D’Abbicco-Reissig [8] studied the semilinear structural damped wave equation. They
obtained optimal decay to the norm of solution, to the energy terms and determined the
influence of fractionary dissipation on the critical exponent. The method used for the
linear problem is similar to the method applied in [19] (see also [24]).
Based on the energy method in Fourier space, introduced by Umeda-Kawashima-
Shizuta [20], several works (see [9, 12, 13]) showed decay estimates to some evolution
equations in Rn. Chara˜o-da Luz-Ikehata [3, 4] introduced a new method to get decay
estimates supported on the energy method in Fourier space combined with the Haraux-
Komornik inequality, the monotonicity of the energy density in the Fourier space and the
property of power singularities less than n are integrable around the origin of Rn. They
obtained in [3] almost optimal decay for wave equation with a fractional damping and in
[4] for the plate equation with rotational inertia effects and fractional damping. In [2]
they extended these results to an abstract problem of second order differential equation.
The decay rate E(t) = O(t−k) is almost optimal means that
E(t) = O(t−k+ε) (t→ +∞)
for any ε > 0.
In this work we study a more general equation when compared to the problems (or
at least to the associated linear problem) studied in [3, 4, 12, 7, 8, 14, 19, 18, 22, 23].
The main objective of this work is to improve the results obtained in [2]. Due to the
method used in [2], the authors proved almost optimal decay rates only for the total
energy of order α of the problem, that is, the method does not allow to obtain optimal
decay rates for the total energy, as well as does not allows to estimate each term of the
energy separately. However, as can be seen in Section 4 of this work, the rates can vary
for each term of the energy. In this paper we obtain optimal rates of decay for ‖∂γ1x v(t)‖,
‖∂γ2x vt(t)‖ and the corresponding regularity of the initial data.
To obtain the desired decay rates, we study low and high frequency regions
separately. The next section will deal low frequency, using the ideas presented in [8] and
[19], i.e., we consider the explicit solution of the problem and estimate the
eigenvalues. It will be necessary to separate in two cases: real eigenvalues (α > 2θ)
and complex eigenvalues (α ≤ 2θ).
In the third section we study the problem in high frequency zone through a redesign
of the energy method in Fourier space introduced by Chara˜o-da Luz-Ikehata in [3, 4].
In this section we find the additional regularity required in the initial data (if θ < δ) to
obtain desired decay rates.
In the last section we exhibit and prove the main theorems, combining the results of
Sections 2 and 3. In addition, some important applications are presented, finding optimal
decay rates for the norm of solution and for the terms of the energy associated with the
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wave equation with fractional damping, plate equation with rotational inertia effects and
fractional damping and a Boussinesq equation with fractional damping.
The method may further be applied to various other evolution equations in Rn
with constant coefficients. Moreover, we can add terms of the type (−∆)δ1vtt, (−∆)θ1vt,
(−∆)α1v in equation (1.1) and get decay rates to the solution of the new problem from
the results obtained for the problem (1.1)-(1.2). This is possible because, for example,
adding the term (−∆)δ1vtt, we obtain
|ξ|2δ + |ξ|2δ1
as coefficient of the term v̂tt at the equation in Fourier space. But this coefficient is
equivalent to |ξ|2δ0, where δ0 = min{δ, δ1} in low frequency, and δ0 = max{δ, δ1} in
high frequency. The same occurs when we add terms of the type (−∆)θ1vt, (−∆)α1v in
equation (1.1). This means that using the method presented in this work, it is also possible
to obtain estimates for this new problem. In order not to make this a long work, we’re
going to consider only a simple example in order to illustrate this case (see Subsection
4.2.3).
Note that in this work we do not discuss the existence and uniqueness of solutions
because they can be obtained via standard methods.
2 Low frequency region: |ξ| < ε
In the following we use the notation f . g to mean that 0 ≤ f ≤ Cg for some
constant C > 0. The notation g ≈ f means g . f and f . g. Furthermore, we use the
symbol to γ denote a multi-index with non-negative entries.
We observe that
||∂jt ∂γxE0(t)||2 =
∫
Rn
|∂jt v̂(t)|2|ξ|2|γ|χ(ξ)2dξ
. ||v̂0||2L∞
∫
Rn
|∂jt K̂0(t)|2|ξ|2|γ|χ(ξ)2dξ + ||v̂1||2L∞
∫
Rn
|∂jt K̂1(t)|2|ξ|2|γ|χ(ξ)2dξ,
with E0 defined in (1.6) and K̂0, K̂1 defined in (1.5). Setting I0 and I1 by integrals
I20 (j, |γ|) :=
∫
Rn
|∂jt (λ+eλ−t − λ−eλ+t)|2
|λ+ − λ−|2 |ξ|
2|γ|χ(ξ)2dξ (2.1)
and
I21 (j, |γ|) :=
∫
Rn
|∂jt (eλ+t − eλ−t)|2
|λ+ − λ−|2 |ξ|
2|γ|χ(ξ)2dξ (2.2)
it follows from (1.5) that
||∂jt ∂γxE0(t)||2 . ||v0||2L1I20 (j, |γ|) + ||v1||2L1I21 (j, |γ|). (2.3)
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To obtain the main results of this section, we estimate each one of the integrals I0
and I1. To do this, we study separately two cases, one where the eigenvalues are real and
another where they are complex. In both cases we use the lemma below to obtain the
estimates that we need.
Lemma 2.1. Let k > −n, β > 0 and a > 0. Then∫
|ξ|≤ε
e−a|ξ|
βt|ξ|kdξ . (1 + t)−n+kβ , ∀ t > 0.
2.1 Case α > 2θ: real eigenvalues
We consider θ ∈ [0, α
2
) and ε > 0 defined by εα−2θ = 1
4
. For |ξ| < ε we have
|ξ|2(α−2θ) < 1
16
and thus the eigenvalues are real. To estimate I0 and I1 we use the
equivalences on the eigenvalues given by the following lemma.
Lemma 2.2. If |ξ| < ε then:
(i) λ+ ≈ −|ξ|2(α−θ) (more precisely, −4(2−
√
2)|ξ|2(α−θ) ≤ λ+ ≤ −|ξ|2(α−θ));
(ii) λ− ≈ −|ξ|2θ (more precisely, −|ξ|2θ ≤ λ− ≤ −14
(
1 + 1√
2
)
|ξ|2θ);
(iii) λ+ − λ− ≈ |ξ|2θ.
Proof:
(i) First, we note that
|ξ|2(α−2θ) < 1
16
=
4
(
2−√2 )− 2
16
(
2−√2 )2 .
Multiplying the above estimate by 4|ξ|2(α−2θ) it implies that
−16 (2−√2 ) |ξ|2(α−2θ) + 64 (2−√2 )2 |ξ|4(α−2θ) ≤ −8|ξ|2(α−2θ) ≤ −4|ξ|2(α−2θ) (1 + |ξ|2δ) .
Using that 1−16(2−√2)|ξ|2(α−2θ)+64(2−√2)2|ξ|4(α−2θ) = (1− 8(2−√2)|ξ|2(α−2θ))2
and 1− 8(2−√2)|ξ|2(α−2θ) > 0, we obtain
−8 (2−√2 ) |ξ|2(α−2θ) ≤ −1 +√1− 4|ξ|2(α−2θ)(1 + |ξ|2δ).
From −1
2
≤ − 1
2(1+|ξ|2δ) we conclude that
−4 (2−√2 ) |ξ|2(α−θ) ≤ |ξ|2θ
2(1 + |ξ|2δ)
(
−1 +
√
1− 4|ξ|2(α−2θ) (1 + |ξ|2δ)
)
= λ+.
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To prove that λ+ ≤ −|ξ|2(α−θ) we see that(
−1 +
√
1− 4|ξ|2(α−2θ)(1 + |ξ|2δ)
)
≤ −2|ξ|2(α−2θ) (1 + |ξ|2δ)
because 1 − 4|ξ|2(α−2θ) (1 + |ξ|2δ) ≤ (1− 2|ξ|2(α−2θ) (1 + |ξ|2δ))2 and 1 − 2|ξ|2(α−2θ)(1 +
|ξ|2δ) ≥ 0. Multiplying both sides of above estimate by |ξ|2θ
2(1+|ξ|2δ) we complete the proof.
(ii) From 1
2
≤ 1− 8|ξ|2(α−2θ) ≤ 1− 4|ξ|2(α−2θ)(1 + |ξ|2δ) we can claim that
1
4
(
1 +
1√
2
)
≤ 1
2(1 + |ξ|2δ)
(
1 +
√
1− 4|ξ|2(α−2θ) (1 + |ξ|2δ)
)
≤ 1.
To conclude the proof we multiply both sides by −|ξ|2θ.
(iii) By the choice of ε, we have |ξ|2(α−2θ)(1 + |ξ|2δ) ≤ 1
8
. Thus
−1
2
≤ −4|ξ|2(α−2θ) (1 + |ξ|2δ) ≤ 0.
Therefore |ξ|2θ
2
√
2
≤ |ξ|
2θ
1 + |ξ|2δ
√
1− 4|ξ|2(α−2θ) (1 + |ξ|2δ) ≤ |ξ|2θ.

Lemma 2.3. Let I0 and I1 given by (2.1) and (2.2), n ≥ 1 and γ multi-index. Then for
all t ≥ 0 we have:
(i) If n + 2|γ| > 4θ, then I1(0, |γ|) . (1 + t)−
1
α−θ (
n
4
+ |γ|
2
−θ);
(ii) I1(1, |γ|) .
(1 + t)
− 1
θ (
n
4
+
|γ|
2 ) + (1 + t)−
1
α−θ (
n
4
+
|γ|
2
−θ)−1, if θ > 0
(1 + t)−
1
α−θ (
n
4
+ |γ|
2
−θ)−1, if θ = 0;
(iii) I0(0, |γ|) . (1 + t)−
1
α−θ (
n
4
+ |γ|
2 );
(iv) I0(1, |γ|) . (1 + t)−
1
α−θ (
n
4
+
|γ|
2 )−1.
Proof:
We will estimate (2.2) to obtain (i) and (ii). The items (iii) and (iv) can be proved
in the same way using (2.1).
(i) From Lemma 2.2 follow that
|eλ+t − eλ−t|2
|λ+ − λ−|2 .
e−2|ξ|
2(α−θ)t
|ξ|4θ .
Using the above estimate and the Lemma 2.1 we obtain
I21 (0, |γ|) .
∫
|ξ|<ε
e−2|ξ|
2(α−θ)t|ξ|2|γ|−4θdξ
. (1 + t)−
n+2|γ|−4θ
2(α−θ)
because n+ 2|γ| − 4θ > 0.
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(ii) Newly, using the Lemma 2.2,
|∂t(eλ+t − eλ−t)|2
|λ+ − λ−|2 .
λ2+e
2λ+t + λ2−e
2λ−t
|λ+ − λ−|2 . |ξ|
4(α−2θ)e−2|ξ|
2(α−θ)t + e−c|ξ|
2θt,
with c = 1
2
(
1 + 1√
2
)
.
In the same way it was done in (i), we get for θ ∈ (0, α
2
)
I21 (1, |γ|) .
∫
|ξ|<ε
(
|ξ|4(α−2θ)e−2|ξ|2(α−θ)t + e−c|ξ|2θt
)
|ξ|2|γ|dξ
. (1 + t)−
n+2|γ|+4(α−2θ)
2(α−θ) + (1 + t)−
n+2|γ|
2θ .
The case θ = 0 is immediate.

Using the previous lemma we prove the following result to the real case for low
frequency:
Proposition 2.1. Let α, θ such that 0 ≤ 2θ < α, γ a multi-index and (v0, v1) ∈ L1(Rn)×
L1(Rn). Then the following estimates are true, for all t ≥ 0:
(i) If n+ 2|γ| > 4θ then
||∂γxE0(t)|| . ||v0||L1(1 + t)−
1
α−θ (
n
4
+ |γ|
2 ) + ||v1||L1(1 + t)−
1
α−θ (
n
4
+ |γ|
2
−θ); (2.4)
(ii) If n+ 2|γ| < 2α and θ ∈
[
n
4
+ |γ|
2
, α
2
)
then
||∂t∂γxE0(t)|| . ||v0||L1(1 + t)−
1
α−θ (
n
4
+
|γ|
2 )−1 + ||v1||L1(1 + t)−
1
θ (
n
4
+
|γ|
2 ); (2.5)
and if n+ 2|γ| ≥ 2α or θ ∈
[
0, n
4
+ |γ|
2
)
then
||∂t∂γxE0(t)|| . ||v0||L1(1 + t)−
1
α−θ (
n
4
+
|γ|
2 )−1 + ||v1||L1(1 + t)−
1
α−θ (
n
4
+
|γ|
2
−θ)−1. (2.6)
Proof:
The item (i) follows directly from items (i) and (iii) of Lemma 2.3 and from estimate
(2.3) with j = 0. To prove the item (ii), we choose j = 1 in (2.3) and we use the Lemma
2.3, items (ii) and (iv). To obtain the best decay rate given in (ii), we see that n+2|γ| < 2α
and θ ∈
[
n
4
+ |γ|
2
, α
2
)
implies
n+ 2|γ|+ 4(α− 2θ)
2(α− θ) ≥
n + 2|γ|
2θ
.
Thus (2.5) is true. On the other hand, if n + 2|γ| ≥ 2α or θ ∈
[
0, n
4
+ |γ|
2
)
we have the
opposite inequality. This implies the estimate (2.6).

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2.2 Case α ≤ 2θ: complex eigenvalues
Now we consider θ ∈ [α
2
, α
]
and ε ∈ (0, 1). In this case we have complex eigenvalues,
given by
λ± =
|ξ|2θ
2(1 + |ξ|2δ)
(
−1± i
√
4|ξ|2(α−2θ)(1 + |ξ|2δ)− 1
)
.
We obtain the results for complex case following the same steps of the real case.
Lemma 2.4. If |ξ| < ε then:
(i) |λ+ − λ−| ≈ |ξ|α;
(ii) |λ±|2 . |ξ|2α;
(iii) |eλ±t| . e− 14 |ξ|2θt.
Proof:
(i) Using 1 ≤ 1 + |ξ|2δ ≤ 2 , the proof follows directly from the inequality
1
8
(
4|ξ|2(α−2θ)(1 + |ξ|2δ)− 1) ≤ |ξ|2(α−2θ) ≤ 4|ξ|2(α−2θ)(1 + |ξ|2δ)− 1, ∀ 0 < |ξ| < ε.
(iii) By Re(λ±) ≤ −14 |ξ|2θ we have |eλ±t| ≤ eRe(λ±)t ≤ e−
1
4
|ξ|2θt.

The proof of the next lemma is quite similar to that of Lemma 2.3. We omit the
details.
Lemma 2.5. Let I0 and I1 given by (2.1) and (2.2), n ≥ 1 and γ multi-index. Then, for
all t ≥ 0 we have for θ > 0:
(i) If n + 2|γ| > 2α, then I1(0, |γ|) . (1 + t)−
1
θ (
n
4
+
|γ|
2
−α
2 );
(ii) I1(1, |γ|) . (1 + t)−
1
θ (
n
4
+ |γ|
2 );
(iii) I0(0, |γ|) . (1 + t)−
1
θ (
n
4
+
|γ|
2 );
(iv) I0(1, |γ|) . (1 + t)−
1
θ (
n
4
+ |γ|
2
+α
2 ).
If α = θ = 0 then it is immediate that Ii(j, |γ|) . e− t4 , t ≥ 0, for all i, j ∈ {0, 1}.
From estimate (2.3) and Lemma 2.5, we have the following result:
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Proposition 2.2. Let δ, α ≥ 0, θ ∈ [α
2
, α
]
, γ a multi-index and (v0, v1) ∈ L1(Rn) ×
L1(Rn). Then, for t ≥ 0, the following estimates are true:
(i) If n+ 2|γ| > 2α and θ > 0 then
||∂γxE0(t)|| . ||v0||L1(1 + t)−
1
θ(
n
4
+ |γ|
2 ) + ||v1||L1(1 + t)−
1
θ (
n
4
+ |γ|
2
−α
2 );
(ii) If n ≥ 1 and θ > 0, then
||∂t∂γxE0(t)|| . ||v0||L1(1 + t)−
1
θ (
n
4
+
|γ|
2
+α
2 ) + ||v1||L1(1 + t)−
1
θ (
n
4
+
|γ|
2 );
(iii) If α = θ = 0 then ||∂jt ∂γxE0(t)|| . {||v0||L1 + ||v1||L1} e−
t
4 , for j = 0, 1.
3 High frequency region: |ξ| ≥ ε
The results obtained in the previous section complete the estimates we need to prove
the Theorems 4.1 and 4.2 in the region of low frequency. Next, we are going to obtain
estimates for the region of high frequency and the required regularity at initial data to
obtain the desired decay. For this purpose, we apply the multiplier method in Fourier
space.
We consider, for |ξ| ≥ ε (with ε ∈ (0, 1) defined at previous section), the following
auxiliary function:
ρ(ξ) =

ε2α+2δ−4θ|ξ|2θ
2(1 + |ξ|2δ) , if α + δ ≥ 2θ
ε−2α+4θ|ξ|2α−2θ
4
, if α + δ < 2θ.
(3.1)
It is easy to prove that
ρ(ξ) ≤ |ξ|
2θ
2(1 + |ξ|2δ) and ρ(ξ) ≤
|ξ|2α−2θ
2
, (3.2)
for |ξ| ≥ ε.
We denote by E1(t) the energy of order σ of the equation (1.4) in the Fourier space
given by
E1(t) =
1
2
|ξ|2δ+σ|v̂t(t)|2 + 1
2
|ξ|2α+σ|v̂(t)|2, t ≥ 0.
Therefore
2
∫
|ξ|≥ε
E1(t) dξ =
∫
Rn
(1− χ(ξ))2 {|ξ|2δ+σ|v̂t(t)|2 + |ξ|2α+σ|v̂(t)|2} dξ,
where χ(ξ) is the characteristic function of {ξ ∈ Rn / |ξ| < ε}.
Note that choosing σ in a suitable way and using Plancherel theorem, the above
integral becames the L2-norm of derivatives of E∞ and ∂tE∞ (see definition of E∞ at
(1.7)). Thus our goal in this section is to estimate
∫
|ξ|≥εE1(t)dξ.
10
Next we show and prove the main result of this section. Note that the decay estimate
(ii) in the next proposition is due to the regularity-loss structure of the equation for θ < δ.
In fact, to obtain decay rates to the energy in high frequency region we need to impose
more regularity on the initial data. The decay rate is directly related to the additional
regularity in the initial data ( δ−θ
β
, with θ < δ). Thus, to improve the decay rate it is
necessary to take smaller β, but this imply that it is necessary additional regularity on
the initial data. This does not occur in item (i).
Proposition 3.1. Let δ, α ≥ 0, θ ∈ [0, α] and σ ∈ R.
(i) If (v0, v1) ∈ Hα+σ2 (Rn) × Hδ+σ2 (Rn) and δ ≤ θ ≤ α, then there is a constant c > 0
such that ∫
|ξ|≥ε
E1(t, ξ) dξ .
{
||v1||2
H
δ+σ2
+ ||v0||2
H
α+σ2
}
e−ct, ∀ t ≥ 0.
(ii) If (v0, v1) ∈ Hs(Rn) × Hr(Rn), β > 0 and θ < δ, then there is C = C(β) > 0 such
that ∫
|ξ|≥ε
E1(t, ξ) dξ ≤ C
{||v1||2Hr + ||v0||2Hs} (1 + t)− 1β , ∀ t ≥ 0
with s = α+ δ−θ
β
+ σ
2
and r = δ + δ−θ
β
+ σ
2
.
To prove Proposition 3.1 we need several estimates and lemmas on the solution
v̂(t, ξ) of the corresponding problem (1.4) in the Fourier space. Multiplying equation
(1.4) by |ξ|σv̂t + ρ(ξ)|ξ|σv̂ and taking the real part we have
d
dt
E(t) + F (t) = R(t), t ≥ 0 (3.3)
where
E(t, ξ) =
1
2
(1 + |ξ|2δ)|ξ|σ|v̂t(t)|2 + 1
2
|ξ|2α+σ|v̂(t)|2
+ρ(ξ)(1 + |ξ|2δ)|ξ|σRe{v̂t(t)v̂(t)}+ 1
2
ρ(ξ)|ξ|2θ+σ|v̂(t)|2;
F (t, ξ) = |ξ|2θ+σ|v̂t(t)|2 + ρ(ξ)|ξ|2α+σ|v̂(t)|2;
R(t, ξ) = ρ(ξ)(1 + |ξ|2δ)|ξ|σ|v̂t(t)|2.
By (3.2) it follows that R(t) ≤ 1
2
F (t). Substituting this estimate into (3.3), we get
d
dt
E(t) +
1
2
F (t) ≤ 0, (3.4)
for all t ≥ 0 and |ξ| ≥ ε.
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Lemma 3.1. The functionals E(t, ξ) and E1(t, ξ) are equivalent for all t ≥ 0 and |ξ| ≥ ε.
Proof:
First, we note that
±ρ(ξ)(1 + |ξ|2δ)Re{v̂t(t)v̂(t)} ≤ (1 + |ξ|2δ) |v̂t(t)|
2
2η
+ ρ(ξ)2(1 + |ξ|2δ)η|v̂(t)|
2
2
≤ (1 + |ξ|2δ) |v̂t(t)|
2
2η
+ |ξ|2αη|v̂(t)|
2
8
, (3.5)
because, by (3.2),
ρ(ξ)2(1 + |ξ|2δ) ≤ |ξ|
2θ
2(1 + |ξ|2δ)
|ξ|2α−2θ
2
(1 + |ξ|2δ) = |ξ|
2α
4
.
Using (3.5) with positive sign and η = 1, we have:
E(t) . |ξ|σ
(
1
2
|ξ|2δ|v̂t(t)|2 + 1
2
|ξ|2α|v̂(t)|2
)
= E1(t),
since, by (3.2), ρ(ξ)|ξ|2θ ≤ 1
2
|ξ|2α and 1 + |ξ|2δ ≤ (ε−2δ + 1)|ξ|2δ.
On the other hand, using (3.5) with negative sign and η = 2, we have:
E(t) ≥ |ξ|σ
(
1
4
|ξ|2δ|v̂t(t)|2 + 1
4
|ξ|2α|v̂(t)|2
)
=
1
2
E1(t).

Lemma 3.2. If δ ≤ θ ≤ α then E1(t, ξ) . F (t, ξ) for all t ≥ 0 and |ξ| ≥ ε.
Proof:
For all t ≥ 0 and |ξ| ≥ ε, we have
|ξ|2δ|v̂t(t)|2 . |ξ|2θ|v̂t(t)|2 (3.6)
and
|ξ|2α|v̂(t)|2 . ρ(ξ)|ξ|2α|v̂(t)|2. (3.7)
The last inequality actually works, because the case α + δ ≥ 2θ follows from (3.1) using
the hypothesis δ ≤ θ; and the case α + δ < 2θ follows from |ξ|2α & |ξ|2θ, which works by
hypothesis θ ≤ α.
Multiplying (3.6) and (3.7) by |ξ|σ and adding the two resulting inequalities, the
lemma is proved.

Using the estimate (3.4) and the Lemmas 3.1 and 3.2, we can prove that there are
positive constants c, c1 such that
d
dt
E(t) + cE(t) ≤ d
dt
E(t) + c1E1(t) ≤ d
dt
E(t) +
1
2
F (t) ≤ 0, ∀ t ≥ 0 and |ξ| ≥ ε.
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By the equivalence between E and E1 given by Lemma 3.1 we conclude that
E1(t, ξ) . e
−ctE1(0, ξ), ∀ t ≥ 0 and |ξ| ≥ ε.
Integrating over the region of high frequency |ξ| ≥ ε, we obtain∫
|ξ|≥ε
E1(t, ξ) dξ . e
−ct
∫
|ξ|≥ε
{|ξ|2δ+σ|v̂1|2 + |ξ|2α+σ|v̂0|2} dξ
. e−ct
∫
|ξ|≥ε
(1 + |ξ|2)δ+σ2 |v̂1|2dξ +
∫
|ξ|≥ε
(1 + |ξ|2)α+σ2 |v̂0|2dξ
.
{
||v1||2
H
δ+σ2
+ ||v0||2
H
α+σ2
}
e−ct.
The proof of the item (i) of Proposition 3.1 is complete.
The next lemma is important to estimate the integral of energy in high frequency
region in the Fourier space when there is the property of regularity-loss, that is, when
θ < δ. Using the result of next lemma we will prove the item (ii) of Proposition 3.1.
Lemma 3.3. We define
I(t) =
∫
|ξ|≥ε
E1(t, ξ) dξ and J(t) =
∫
|ξ|≥ε
F (t, ξ) dξ.
Let δ, α ≥ 0, θ ∈ [0, α], σ ∈ R, β > 0, θ < δ and (v0, v1) ∈ Hs(Rn)×Hr(Rn). Then there
is Cβ > 0 such that, for all t ≥ 0,
[I(t)]1+β ≤ Cβ{||v1||Hr + ||v0||Hs}βJ(t)
with s = α + δ−θ
β
+ σ
2
and r = δ + δ−θ
β
+ σ
2
.
Proof:
For any β > 0 we have
[I(t)]1+β .
[ ∫
|ξ|≥ε
|ξ|2δ+σ |v̂t(t)|2 dξ
]1+β
+
[∫
|ξ|≥ε
|ξ|2α+σ |v̂(t)|2 dξ
]1+β
=
[ ∫
|ξ|≥ε
|ξ|− 2θ+σ1+β |ξ|2δ+σ |v̂t(t)|2−
2
1+β |ξ| 2θ+σ1+β |v̂t(t)|
2
1+β dξ
]1+β
+
[∫
|ξ|≥ε
(
ρ(ξ)|ξ|2α+σ
)− 1
1+β |ξ|2α+σ|v̂(t)|2− 21+β
(
ρ(ξ)|ξ|2α+σ
) 1
1+β |v̂(t)| 21+β dξ
]1+β
for all t ≥ 0. Then, by using Ho¨lder’s inequality in L 1+ββ and L1+β we obtain
[I(t)]1+β .
{[∫
|ξ|≥ε
|ξ|− 2θβ +σ+ 2δβ +2δ|v̂t(t)|2 dξ
]β
+
[ ∫
|ξ|≥ε
ρ(ξ)−
1
β |ξ|2α+σ |v̂(t)|2 dξ
]β }
J(t)
(3.8)
for all t ≥ 0.
13
Next we need to estimate both integrals in the right hand side of the last inequality
in terms of the initial data. Multiplying equation (1.4) by v̂t, taking the real part on the
resulting identity and integrating over the time interval (0, t) we obtain
(1 + |ξ|2δ)|v̂t(t)|2 + |ξ|2α|v̂(t)|2 + 2
∫ t
0
|ξ|2θ|v̂t(s)|2ds = (1 + |ξ|2δ)|v̂1|2 + |ξ|2α|v̂0|2.
Now, multiplying both sides of the above identity by |ξ|− 2θβ +σ+ 2δβ and integrating
over |ξ| ≥ ε we obtain∫
|ξ|≥ε
|ξ|− 2θβ +σ+ 2δβ +2δ|v̂t(t)|2dξ +
∫
|ξ|≥ε
|ξ|− 2θβ +σ+ 2δβ +2α|v̂(t)|2dξ
.
∫
|ξ|≥ε
(1 + |ξ|2)δ+ δ−θβ +σ2 |v̂1|2dξ +
∫
|ξ|≥ε
(1 + |ξ|2)α+ δ−θβ +σ2 |v̂0|2dξ. (3.9)
By the assumptions of lemma we have α+ δ ≥ 2θ. Then, by definition of ρ(ξ) given
in (3.1) it follows that∫
|ξ|≥ε
ρ(ξ)−
1
β |ξ|2α+σ |v̂(t)|2 dξ ≤ Kβ
∫
|ξ|≥ε
|ξ|− 2θβ +σ+ 2δβ +2α|v̂(t)|2dξ. (3.10)
Using (3.9)-(3.10) in (3.8), we obtain
[I(t)]1+β ≤ Cβ
{||v1||2Hr + ||v0||2Hs}β J(t), ∀ t ≥ 0,
with r = δ + δ−θ
β
+ σ
2
and s = α + δ−θ
β
+ σ
2
.

Now, we observe that, by Lemma 3.3, we can write
K
2
[I(t)]1+β ≤ 1
2
J(t), ∀ t ≥ 0,
where K =
(
Cβ{||v1||2Hr + ||v0||2Hs}β
)−1
.
By Lemma 3.1, there are constants m and M such that
mE1(t, ξ) ≤ E(t, ξ) ≤ME1(t, ξ), ∀ t ≥ 0 and |ξ| ≥ ε.
Consequently, we have
d
dt
∫
|ξ|≥ε
E(t) dξ +
K
2M1+β
[∫
|ξ|≥ε
E(t) dξ
]1+β
≤ d
dt
∫
|ξ|≥ε
E(t) dξ +
1
2
J(t) ≤ 0 (3.11)
where the last inequality is due to the estimate (3.4).
Therefore, applying the Lyapunov’s theorem (see [15]) in (3.11), we conclude the
following decay estimate∫
|ξ|≥ε
E1(t, ξ) dξ ≤ C
{||v1||2Hr + ||v0||2Hs} (1 + t)− 1β , ∀ t ≥ 0,
with 0 < C = C(β). The proof of the item (ii) of Proposition 3.1 is complete.
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4 Results and applications
4.1 Main results
In this section we use the results obtained in the previous sections in order to find
decay rates for the L2-norm of ∂γ1x v(t) and ∂
γ2
x vt(t) and the corresponding regularity in the
initial data. Observe that for appropriate choices of γ1 and γ2 we can obtain estimates for
the L2-norm of solution, for each term of energy defined in (1.3) and also for Hm norms
of v and vt. In Theorem 4.1 we do not determine values for β > 0 for the purpose of
to make this choice appropriately on each application. The same occurs in Theorem 4.2.
We can choose β so that give the optimal rates and in this case will require more of the
regularity of the initial data. Or we can also choose β to require less regularity on the
initial data, resulting in worse rates.
Theorem 4.1. If δ, α ≥ 0, θ ∈ [0, α
2
)
, v0 ∈ Hs(Rn) ∩ L1(Rn) and v1 ∈ Hr(Rn) ∩
L1(Rn), for r and s specified below, then the solution of the problem (1.1)-(1.2) satisfies
the following estimates for all t ≥ 0:
(i) If n+ 2|γ1| > 4θ then
||∂γ1x v(t)|| . ||v0||L1(1 + t)−
1
α−θ
(
n
4
+
|γ1|
2
)
+ ||v1||L1(1 + t)−
1
α−θ
(
n
4
+
|γ1|
2
−θ
)
+ {||v1||Hr + ||v0||Hs} f(t),
with f(t) =
{
e−ct (c ∈ R) if δ ≤ θ
(1 + t)−
1
2β if θ < δ
, s =
{
|γ1| if δ ≤ θ
|γ1|+ δ−θβ if θ < δ
and r = s+ δ − α.
(ii) If n+ 2|γ2| < 2α and θ ∈
[
n
4
+ |γ2|
2
, α
2
)
then
||∂γ2x vt(t)|| . ||v0||L1(1 + t)−
1
α−θ
(
n
4
+
|γ2|
2
)
−1
+ ||v1||L1(1 + t)−
1
θ
(
n
4
+
|γ2|
2
)
+ {||v1||Hr + ||v0||Hs} f(t), (4.1)
and if n + 2|γ2| ≥ 2α or θ ∈
[
0, n
4
+ |γ2|
2
)
then
||∂γ2x vt(t)|| . ||v0||L1(1 + t)−
1
α−θ
(
n
4
+
|γ2|
2
)
−1
+ ||v1||L1(1 + t)−
1
α−θ
(
n
4
+
|γ2|
2
−θ
)
−1
+ {||v1||Hr + ||v0||Hs} f(t), (4.2)
with f(t) =
{
e−ct (c ∈ R) if δ ≤ θ
(1 + t)−
1
2β if θ < δ
, r =
{
|γ2| if δ ≤ θ
|γ2|+ δ−θβ if θ < δ
and s = r + α− δ.
Proof:
(i) By definition of E0 and E∞ we have
||∂γ1x v(t)|| ≤ ||∂γ1x E0(t)||+ ||∂γ1x E∞(t)||.
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We choose γ = γ1 at Proposition 2.1 and consider n + 2|γ1| > 4θ. Using (2.4) and the
Proposition 3.1 with σ = 2|γ1| − 2α it follows the result.
(ii) We can write
||∂γ2x vt(t)|| ≤ ||∂γ2x ∂tE0(t)||+ ||∂t∂γ2x E∞(t)||.
Choosing γ = γ2 at Proposition 2.1 and σ = 2|γ2| − 2δ at Proposition 3.1, we have two
options. If n + 2|γ2| < 2α and θ ∈
[
n
4
+ |γ2|
2
, α
2
)
we use (2.5) and obtain (4.1). For the
case n+ 2|γ2| ≥ 2α or θ ∈
[
0, n
4
+ |γ2|
2
)
using (2.6) it follows (4.2).

In the same way, we prove the following result, for the case α ≤ 2θ:
Theorem 4.2. If δ, α ≥ 0, θ ∈ [α
2
, α
]
, v0 ∈ Hs(Rn)∩ L1(Rn) and v1 ∈ Hr(Rn)∩ L1(Rn),
with f(t), r and s defined at same manner as in Theorem 4.1, the following estimates are
true, for all t ≥ 0:
(i) If n+ 2|γ1| > 2α then for θ > 0 we have
||∂γ1x v(t)|| . ||v0||L1(1+t)−
1
θ
(
n
4
+
|γ1|
2
)
+||v1||L1(1+t)−
1
θ
(
n
4
+
|γ1|
2
−α
2
)
+{||v1||Hr + ||v0||Hs} f(t),
and, for θ = 0,
||∂γ1x v(t)|| . {||v0||L1 + ||v1||L1} e−
t
4 + {||v1||Hr + ||v0||Hs} f(t);
(ii) If n ≥ 1 and θ > 0 then
||∂γ2x vt(t)|| . ||v0||L1(1+t)−
1
θ
(
n
4
+
|γ2|
2
+α
2
)
+||v1||L1(1+t)−
1
θ
(
n
4
+
|γ2|
2
)
+{||v1||Hr + ||v0||Hs} f(t),
and, if θ = 0,
||∂γ2x vt(t)|| . {||v0||L1 + ||v1||L1} e−
t
4 + {||v1||Hr + ||v0||Hs} f(t).
4.2 Applications
Now let us apply the above results to several initial value problems associated with
some dissipative partial differential equations of second order in time.
4.2.1 Wave equation with fractional damping
We consider the equation (1.1)-(1.2) with δ = 0 and α = 1, that is, the wave
equation
vtt(t, x)−∆v(t, x) + (−∆)θvt(t, x) = 0, t ≥ 0, x ∈ Rn
with initial data
v(0, x) = v0(x), vt(0, x) = v1(x),
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and θ ∈ [0, 1], where the associated energy is defined by
Ev(t) =
1
2
{||vt(t)||2 + ||∇v(t)||2} .
Note that δ ≤ θ. Moreover, for this choice of α, we have α > 2θ if and only if
θ < 1
2
. Thus, it appears here the separation in cases θ ∈ [0, 1
2
)
(real eigenvalues for the
low frequency region) and θ ∈ [1
2
, 1
]
(complex eigenvalues for the low frequency region).
If θ ∈ [0, 1
2
)
, we can apply Theorem 4.1, to get that
||v(t)|| . {||v1||H−1∩L1 + ||v0||L2∩L1} (1 + t)−
1
1−θ (
n
4
−θ), for all n > 4θ;
||vt(t)|| .
{||v1||L2∩L1 + ||v0||H1∩L1} (1 + t)−
1
4θ , if n = 1 and θ ∈ [1
4
, 1
2
)
,
{||v1||L2∩L1 + ||v0||H1∩L1} (1 + t)−
1
1−θ (
n
4
−θ)−1, if n ≥ 2 or θ ∈ [0, 1
4
)
,
||∇v(t)|| . {||v1||L2∩L1 + ||v0||H1∩L1} (1 + t)−
1
1−θ (
n
4
+ 1
2
−θ), for n ≥ 1.
Now for θ ∈ [1
2
, 1
]
we have α ≤ 2θ. Then, using Theorem 4.2 we can obtain the
following estimate for the norm of solution, for n ≥ 3:
||v(t)|| . {||v1||H−1∩L1 + ||v0||L2∩L1} (1 + t)−
1
θ (
n
4
− 1
2);
and the following decay rates for the energy terms
||vt(t)||+ ||∇v(t)|| . {||v1||L2∩L1 + ||v0||H1∩L1} (1 + t)− n4θ ,
in the case n ≥ 1.
4.2.2 Plate equation with rotational inertia effects and fractional damping
In the previous works [4, 6] for the plate equation with rotational inertia effects and
fractional damping the authors considered the hypothesis θ ∈ [0, 1]. In this application we
generalize this interval assuming that θ ∈ [0, 2]. Note that α > 2θ if θ ∈ [0, 1) and α ≤ 2θ
if θ ∈ [1, 2], that is, to obtain the results it will be necessary to separate in two cases.
This situation is similar to that one for the wave equation with fractional damping when
the interval θ ∈ [0, 1] is separated at intervals θ ∈ [0, 1
2
)
and θ ∈ [1
2
, 1
]
(see [3, 12, 8]).
We consider the following problem:{
vtt(t, x)−∆vtt(t, x) + ∆2v(t, x) + (−∆)θvt(t, x) = 0, t ≥ 0, x ∈ Rn
v(0, x) = v0(x), vt(0, x) = v1(x),
with θ ∈ [0, 2]. That is, we take δ = 1 and α = 2 in (1.1)-(1.2).
The associated energy is given by
Ev(t) =
1
2
{||vt(t)||2 + ||∇vt(t)||2 + ||∆v(t)||2} .
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If θ ∈ [0, 1), we consider |γ1| = 0 and 12β = 12−θ
(
n
4
− θ). By item (i) from Theorem
4.1, we have the following estimate for the L2-norm of solution, for all n > 4θ:
||v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
2−θ (
n
4
−θ),
with r = (1−θ)(n−4θ)
2(2−θ) − 1 and s = (1−θ)(n−4θ)2(2−θ) .
In order to get decay rates for the energy, we estimate each term of it separately. In
the next three estimates we assume θ ∈ [0, 1). At item (ii) of Theorem 4.1 we can choose
|γ2| = 0 with 12β = n4θ in (4.1) and 12β = 12−θ
(
n
4
− θ)+ 1 in (4.2), to obtain
||vt(t)|| .
{||v1||Hr1∩L1 + ||v0||Hs1∩L1} (1 + t)−
n
4θ , if n < 4 and θ ∈ [n
4
, 1
)
,
{||v1||Hr2∩L1 + ||v0||Hs2∩L1} (1 + t)−
1
2−θ (
n
4
−θ)−1, if n ≥ 4 or θ ∈ [0, n
4
)
,
with r1 =
(1−θ)n
2θ
, s1 =
(1−θ)n
2θ
+ 1, r2 =
(1−θ)(n−8θ+8)
2(2−θ) and s2 =
(1−θ)(n−8θ+8)
2(2−θ) + 1.
Now, if |γ2| = 1, with 12β = 1θ
(
n
4
+ 1
2
)
in (4.1) and 1
2β
= 1
2−θ
(
n
4
+ 1
2
− θ)+1 in (4.2),
by item (ii) in Theorem 4.1 it follows that
||∇vt(t)|| .
{||v1||Hr1∩L1 + ||v0||Hs1∩L1} (1 + t)−
3
4θ , if n = 1 and θ ∈ [3
4
, 1
)
,
{||v1||Hr2∩L1 + ||v0||Hs2∩L1} (1 + t)−
1
2−θ (
n
4
+ 1
2
−θ)−1, if n ≥ 2 or θ ∈ [0, 3
4
)
,
where r1 = 1 +
(1−θ)(n+2)
2θ
, s1 = 2 +
(1−θ)(n+2)
2θ
, r2 = 1 +
(1−θ)(n−8θ+10)
2(2−θ) and s2 = 2 +
(1−θ)(n−8θ+10)
2(2−θ) .
On the other hand, if |γ1| = 2 and 12β = 12−θ
(
n
4
+ 1− θ), the Theorem 4.1, item (i),
gives us:
||∆v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
2−θ (
n
4
+1−θ)
where r = 1 + (1−θ)(n−4θ+4)
2(2−θ) and s = 2 +
(1−θ)(n−4θ+4)
2(2−θ) .
The result for the case θ ∈ [1, 2] is obtained similarly to the previous case, using
the Theorem 4.2 instead of Theorem 4.1. The decay rates obtained to the L2-norm of
solution are:
||v(t)|| . {||v1||H−1∩L1 + ||v0||L2∩L1} (1 + t)−
1
θ (
n
4
−1),
for n > 4. For the energy terms we have:
||vt(t)|| . ||vt(t)|| . {||v1||L2∩L1 + ||v0||H1∩L1} (1 + t)− n4θ ;
||∇vt(t)|| . {||v1||H1∩L1 + ||v0||H2∩L1} (1 + t)−
1
θ (
n
4
+ 1
2);
||∆v(t)|| . {||v1||H1∩L1 + ||v0||H2∩L1} (1 + t)− n4θ .
Remark 4.1. The plate equation without the inertia rotational effects, that is, (1.1)-(1.2)
with α = 2 and δ = 0, does not have the structure of regularity-loss. In this case, the
decay rates are equal to the above rates, but without assume additional regularity at the
initial data.
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4.2.3 Boussinesq equation with fractional damping
In this subsection, we want to show that it is possible to add terms of type
(−∆)δ1vtt, (−∆)θ1vt, (−∆)α1v in the equation (1.1) in order to obtain decay rates for
the total energy and for the L2-norm of solution from the previous results. However, we
consider just a simple example to illustrate this case.
In [18] the authors studied the Boussinesq equation (IBq) with the strong dissipation
∆vt (see [22, 23]). Next, we regard a more general case than the linear problem studied
in [18], considering the following IBq with fractional damping in Rn:
vtt(t, x)−∆v(t, x)−∆vtt(t, x) + ∆2v(t, x) + (−∆)θvt(t, x) = 0, t ≥ 0, x ∈ Rn (4.3)
with θ ∈ [0, 1] and initial data
v(0, x) = v0(x), vt(0, x) = v1(x). (4.4)
The energy associated to this equation is given by
Ev(t) =
1
2
{||vt(t)||2 + ||∇v(t)||2 + ||∇vt(t)||2 + ||∆v(t)||2} .
Applying the Fourier transform in (4.3) and (4.4), we obtain{
(1 + |ξ|2)v̂tt(t, ξ) + |ξ|2θv̂t(t, ξ) + (|ξ|2 + |ξ|4) v̂(t, ξ) = 0,
v̂(0, ξ) = v̂0(ξ), v̂t(0, ξ) = v̂1(ξ).
This problem is not a specific case of the initial problem (1.4). But we note that for
|ξ| < ε is valid the equivalence
|ξ|2 ≈ |ξ|2 + |ξ|4,
which leads us to conclude that the estimates in the low frequency for this equation are
the same of Propositions 2.1 and 2.2 considering α = δ = 1.
On the other hand, if |ξ| ≥ ε, then
|ξ|4 ≈ |ξ|2 + |ξ|4,
and therefore the estimates and regularity in the initial data for this equation at high
frequency are given by Proposition 3.1, with α = 2 and δ = 1. This gives us the following
results:
Theorem 4.3. If θ ∈ [0, 1
2
)
and (v0, v1) ∈ [Hs(Rn)∩ L1(Rn)]× [Hr(Rn)∩ L1(Rn)], with
r and s specified in each case below, then the solution of the problem (4.3)-(4.4) satisfies
the following decay estimates:
(i) If n > 4θ then for t ≥ 0
||v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
1−θ (
n
4
−θ),
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with r = n−4θ
2
− 1 and s = n−4θ
2
.
(ii) If n ≥ 1 then for t ≥ 0
||∇v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
1−θ (
n
4
+ 1
2
−θ),
with r = n+2−4θ
2
and s = 1 + n+2−4θ
2
;
||∆v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
1−θ (
n
4
+1−θ),
with r = 1 + n+4−4θ
2
and s = 2 + n+4−4θ
2
;
||vt(t)|| .
{||v1||Hr1∩L1 + ||v0||Hs1∩L1} (1 + t)−
1
4θ , if n = 1 and θ ∈ [1
4
, 1
2
)
,
{||v1||Hr2∩L1 + ||v0||Hs2∩L1} (1 + t)−
1
1−θ (
n
4
−θ)−1, if n ≥ 2 or θ ∈ [0, 1
4
)
,
with r1 =
(1−θ)n
2θ
, s1 = 1 +
(1−θ)n
2θ
, r2 =
n−8θ+4
2
and s2 = 1 +
n−8θ+4
2
;
||∇vt(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
1−θ (
n
4
+ 1
2
−θ)−1,
with r = 1 + n−8θ+6
2
and s = 2 + n−8θ+6
2
.
Theorem 4.4. If θ ∈ [1
2
, 1
]
and (v0, v1) ∈ [Hs(Rn)∩ L1(Rn)]× [Hr(Rn)∩ L1(Rn)], with
r and s defined in each case, the following decay estimates for the problem (4.3)-(4.4) are
true:
(i) If n > 2 then for t ≥ 0
||v(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
θ (
n
4
− 1
2),
with r = −1 and s = 0 in case θ = 1, and with r = (1−θ)(n−2)
2θ
− 1 and s = (1−θ)(n−2)
2θ
in
case θ < 1.
(ii) If n ≥ 1 then for t ≥ 0
||∇v(t)||+ ||vt(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)− n4θ ,
with r = 0 and s = 1 in case θ = 1, and with r = (1−θ)n
2θ
and s = 1+ (1−θ)n
2θ
in case θ < 1;
||∆v(t)||+ ||∇vt(t)|| . {||v1||Hr∩L1 + ||v0||Hs∩L1} (1 + t)−
1
θ (
n
4
+ 1
2),
with r = 1 and s = 2 in case θ = 1, and with r = 1 + (1−θ)(n+2)
2θ
and s = 2 + (1−θ)(n+2)
2θ
at
case θ < 1.
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